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Abstract. We show that the small quantum product of the generalized flag manifold 
G/B is a product operation on H*(G/B) ® R[gi, . . . , q{\ uniquely determined by the fact 
that it is a deformation of the cup product on H*(G/B), it is commutative, associative, 
graded with respect to deg(%) = 4, it satisfies a certain relation (of degree two), and the 
corresponding Dubrovin connection is flat. We deduce that it is again the flatness of the 
Dubrovin connection which characterizes essentially the solutions of the "quantum Giambelli 
problem" for G/B. This result gives new proofs of the quantum Chevalley formula (see D. 
Peterson [Pc] and Fulton and Woodward [Fu-Wo]), and of Fomin, Gelfand and Postnikov's 
description of the quantization map for Fl n (see [Fo-Ge-Po]). 
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1. Introduction 

Let us consider the complex flag manifold G/B, where G is a connected, simply connected, 
simple, complex Lie group and BcGa Borel subgroup. Let t be the Lie algebra of a maximal 
torus of a compact real form of G and $ C t* the corresponding set of roots. Consider an 
arbitrary P^-invariant inner product ( , ) on t. To any root a corresponds the coroot 



(a, a) 

which is an element of t, by using the identification of t and t* induced by ( , ). If {a>i, . . . , a{\ 
is a system of simple roots then {a/(, . . . , atf} is a system of simple coroots. Consider 
{Ai, . . . , A/} C t* the corresponding system of fundamental weights, which are defined by 
Aj(aJ) = Sy. The Weyl group W is the subgroup of 0(t, ( , )) generated by the reflections 
about the hyperplanes kera, a G $ + . It can be shown that W is in fact generated by the 
simple reflections s± = s ai , . . . , si = s ai about the hyperplanes kerai, . . . , kerctj. The length 
l(w) of w is the minimal number of factors in a decomposition of w as a product of simple 
reflections. We denote by wo the longest element of W. 

Let B~ C G denote the Borel subgroup opposite to B. To each w G W we assign the 
Schubert variety X w = B~.w. The Poincare dual of [X w \ is an element of H 2l{w) (G/B) , which 
is called the Schubert class. The set {a w \ w G W} is a basis of H*(G/B) = H*(G/B,R), 
hence {<J S1 , ■ ■ ■ , <J Sl } is a basis of H 2 (G/B). A theorem of Borel [Bo] says that the map 

(1) H*(G/B) - S(l*)/S(t*) w = R[{\i}]/I w 
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described by a Si i— > [Aj], 1 < 2 < Z, is a ring isomorphism (we are denoting by S(i*) w = I w 
the ideal of S(t*) = R[{Aj}] generated by the non-constant W^-invariant polynomials). We 
will frequently identify H*(G/B) with the quotient ring from above. 

To any /-tuple d = (d±, . . . , d{) with di G Z, d^ > corresponds a Gromov-Witten invariant. 
This assigns to any three Schubert classes a u , cr v , a w the number denoted by (cr u \a v \a w ) d, 
which counts the holomorphic curves (p : CP 1 — > G/P such that y^QCP 1 ]) = d in H 2 (G/B) 
and <^(0), y?(l) and <p(oo) are in general translates of the Schubert varieties dual to a u , a v , 
respectively a w . Let us consider the variables qi,...,qi. The quantum cohomology ring of 
G/B is the space H*(G/B) <E> K[{gi}] equipped with the product o which is IR[{gj}]-linear 
and for any two Schubert classes a u , a v , u, v G W we have 

cr u oa v = ^ Q d ^2 ° a ")dO- w , 

d=(d 1 ,...,di)>0 w£W 

u, v e VF. Here g d denotes qf 1 --- qf l and the cohomology class (cr u o cr„)d is determined by 
(2) ((<T U cr v ) d ,a w ) = (a u \a v \a w ) d , 

for any w G VF. It turns out that the product o is commutative, associative and it is a 
deformation of the cup product (by which mean that if we formally set q± — . . . — qi — 0, 
then o becomes the same as the cup product). If we assign 

degg, = 4, 1 < i < I, 

then we also have the grading condition 

deg(a ob) = deg a + deg b, 

for any two homogeneous elements a, b of H*{G/B) <S> For more details about 

quantum cohomology we refer the reader to Fulton and Pandharipande [Fu-Pa]. 

The Dubrovin connection attached to the quantum product defined above is a connection 1 
V h on the trivial vector bundle H*(G/B) x H 2 (G/B) -> H 2 (G/B) defined as follows: Denote 
by t 1: . . . , ti the coordinates on H 2 (G/B) induced by the basis a si , . . . , a Sl . Consider the 1- 
form uj on H 2 (G/B) with values in End(H*(G/B)) given by 

u t (X,Y)=XoY, 

for t = (fx, ...,*,) e H 2 (G/B), X G H 2 (G/B) and F G H*(G/B), where the convention 

Qi = e u , I <i < I 

is in force. Finally set 

ft 

Note that the 1-form u can be expressed as 

1 

LU = ^CUjdtj, 

1=1 



More precisely, a family of connections depending on the parameter h EM. \ {0}. 
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where Ui denotes the matrix of the operator o~ s .o on H*(G/B) with respect to the basis 
consisting of the Schubert classes. The following result is well-known (cf. [Du]): 

Lemma 1.1. The Dubrovin connection V h is flat for any ftGM\ {0}, i.e. we have 
(3) duj = u A u = 

Proof. The fact that du = follows from 



d d 

which is equivalent to 



OU Otj 



di(a XA o a w ) d = dj(a s . o a w j d 



for any w G W and any d — (di, . . . ,di), hence, by ©, to 

di(o- Sj \a w \a v ) d = dj(a St \a w \cr v ) d . 

The latter equality follows from the "divisor property" (see [Fu-Pa, equation (40)] for a more 
general version of this formula): 

(o~ Sj \o~w\o- v )d = dj(a w \cr v ) d . 

The equality u A u = 0, i.e. UiUj = UjU i: 1 < i,j < I, follows from the fact that the product 
o is commutative and associative. □ 

Another important property of the quantum product which is of interest for us is that we 
have the relation: 

i i 

(4) a )) a si ° o*i = J2( a i> a/)?*- 

i,j=X i=l 

In order to prove this we take into account that: 

• we have (see [Kim] or [Mai, Lemma 3.2]) 

o~ Sl ° o- Sj = a Si a s . + Sijqj 

• the polynomial Yl\ j=i( a i > G S(t*) is VT-invariant (being just the squared 
norm on t); hence, according to (Jljl, the following relation holds in H*(G/B): 

i 

s ^ j {a J i1 a J j )a Si a Sj = 0. 

i,i=l 

The goal of this paper is to show that the quantum product for G/B is essentially determined 
by the equations (jHJ) (the flatness of the Dubrovin connection) and (jlj) (the degree two 
relation). More precisely, we will prove that: 

Theorem 1.2. Let * be a product on the space H*(G/B) ® IR[{gj}] which is commutative, 
associative, is a deformation of the cup product (in the sense defined above), satisfies the 
condition deg(a *b) = dega + degb, for a, b homogeneous elements of H*(G/B) <S) 
with respect to the grading deg qi = 4, and 



4 



A.-L. MARE 



(a) the Dubrovin connection V h — d+ \uj, with uj(X, Y) = X*Y is flat. In other words, 
if uJk is the matrix of the M\{qi}}-linear endomorphism a Sk -k of H*(G/B) Cg> R[{gj}] 
with respect to the Schubert basis, then we have 

d d 
dti dtj 

for all 1 < i,j < I (the convention qi = e ti is in force). 

(b) we have 

i i 

i,j=l i=l 

Then * is the quantum product o. 

The proof will be done in section 2. There are two corollaries we would like to deduce from 
this theorem. The first one is a characterization of the quantum Giambelli polynomials in 
terms of the flatness of the Dubrovin connection. More precisely, let us denote by QH*(G/ B) 
the quotient ring R[{Aj}, {qi}]/{Ri, . . . , Ri), where R±, . . . ,Ri are the quantum deformations 
in the quantum cohomology ring (H*(G/B) ® R[{<&}], o) of the fundamental homogeneous 
generators of S(t*) w (Ri, . . . ,Ri have been determined explicitly by B. Kim in [Kim]; we 
will present in section 2 a few more details about that). For any c G M[{Aj}, {qi}] we denote 
by [c] q the coset of c in QH*{G / B). The map a Si \— > [Aj] g induces a tautological isomorphism 



(5) (H*(G/B) ® R[{ gi }}, o) ~ QH*{G/B). 

Finding for each w G W a polynomial c w G R[{Aj}, {qi}} whose coset in QH*(G / B) is the 
image of a w — in other words, solving the quantum Giambelli problem — would lead to a 
complete knowledge of the quantum cohomology of Gj B. We are looking for conditions which 
determine the polynomials c w . First of all, let us consider for each w G W a polynomial 2 
c w G R[{Aj}] whose coset corresponds to a w via the isomorphism (HJ). There are two natural 
conditions that we impose to the polynomials c w : 

(6) deg c w = deg c w 
with respect to the grading degAj = 2, degg, = 4, and 

(7) C„,|( a n Qi = o) = C w . 

Whenever the conditions (jUJ) and ((7|) are satisified, the cosets [c w ] q , w G W, are a basis of 
QH*(G/B) over R[{ft}]. Consider the 1-form 

i=i 

where u>i is the matrix of multiplication of QH*(G/B) by [\i] q with respect to the latter 
basis. We can prove that: 

2 These are solutions of the classical Giambelli problem for G/B. Such polynomials have been constructed 
for instance by Bernstein, I. M. Gelfand and S. I. Gelfand in [Be-Ge-Ge]. 
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Corollary 1.3. Let c w , w G W, be polynomials in M[{Aj}, {(&}] which satisfy the properties 
(OJ) and Then the image of o w by the isomorphism J3J) is [c w ) q for allw & W if and only 
if the connection 

n 

is flat for all h G R \ {0}. The latter condition reads 

d 3 

for all 1 < i,j < I. 

Proof. Consider the M[{gj}]-linear isomorphism 3 

5 : QH*(G/B) - H*{G/B) ® R[{q t }} = M[{A,}, {ft}]/(J w ® R[{ ft }]) 
determined by 

(8) <5[cjg = [C W ], 

for all io G W. Define the product * on H*(G/B) <g> R[{<?j}] by 

x*y = 5(5- 1 (x)5- l (y)), 

x, y G H*{G/B) ® M[{<7i}]. The product is commutative, associative, it is a deformation 
of the cup product on H*(G/B), and it satisfies deg(a * b) = dega + degfr, where a, 6 G 
H*(G/B) (g> are homogeneous elements. The map 5 is obviously a ring isomorphism 

between QH*(G/B) and (H*(G/B) (g> ]&[{<&}],*). In particular, the following degree two 
relation holds: 

^<o i y,a/>[A i ]*[A i ]=^<a i y, ai v >ft- 

i,j=l i=l 

Moreover, the matrix of [A,]* on H*(G/B) ® R[gi, •••,?/] with respect to the Schubert basis 
{[cj : w G iy} is just Ui. So if the connection is flat for all H, then, by Theorem 11.21 
the products * and o are the same. This implies that 5 is just the isomorphism (jSj). The 
conclusion follows from the definition (JSJ) of 5. □ 

Corollary 11.31 will be used in section |3] in order to recover the "quantization via standard 
monomials" theorem of Fomin, Gelfand, and Postnikov (see [Fo-Ge-Po, Theorem 1.1]). 

Our second application of Theorem 11.21 concerns the combinatorial quantum product * 
on H*(G/B) ® K.[{<7i}], which has been constructed in [Ma4]. By definition, this product 
satisfies the following quantum Chevalley formula: 

cr Si * o~w = o- Si a w + 2, K{ct / )o- WSa - l 



'This is what Amarzaya and Guest [Am-Gu] call a "quantum evaluation map" . 
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for 1 < i < I, w G W . Here the sum runs over all positive roots a with the property that 
l(ws a ) = l(w) — 2height(a v ) + 1, where we consider the expansion a y = mia\ + . . . + m;o; ; v , 
rrij G Z, rrij > and denote 

height(a v ) = m\ + . . . + mi, q a = q™ 1 . . . q™ 1 . 

We have also showed in [Ma4] that * satisfies all hypotheses of Theorem 11.21 We deduce: 

Corollary 1.4. The combinatorial and actual quantum products coincide. Consequently, the 
quantum product o satisfies the quantum Chevalley formula: 

(9) cr Si oa w = a Sz cr w + ^ \i(a v )cr WSa , 

l(ws a )=l(w)-2height(a v )+l 

for 1 < % < I, w G W . 

Remarks. 1. The formula (jHJ) plays a crucial role in the study of the quantum cohomology 
algebra of G/B, as this is generated over R[qi, . . . , qi\ by the degree 2 Schubert classes 
a si , . . . ,a S{ . The formula was announced by D. Peterson in [Pe]. A rigorous intersection- 
theoretic proof has been given by W. Fulton and C. Woodward in [Fu-Wo]. It is one of the 
aims of our paper to give an alternative, conceptually new, proof of this formula. 

2. The tool we will be using in the proof of Theorem 11.21 is the notion of P-module, in 
the spirit of Guest [Gu], Amarzaya and Guest [Am-Gu], and Iritani [Ir]. More precisely, we 
will show that the P-modules associated in Iritani's manner to the products o and * are 
isomorphic, and then we conclude by using a certain uniqueness argument of Amarzaya and 
Guest [Am-Gu] (for more details, see the next section). 

Acknowledgements. I would like to thank Jost Eschenburg and Martin Guest for dis- 
cussions on the topics contained in this paper. 

2. ©-MODULES AND QUANTUM COHOMOLOGY 

The goal of this section is to give a proof of Theorem 11.21 

We denote by T> the Heisenberg algebra, by which we mean the associative IR [ft] -algebra 
generated by Qi, ... ,Qi, Pi, Pi, subject to the relations 

(10) [Q u Qj] = [P h Pj] = 0, [P h Qj] = 5 t] hQ 3 , 

1 < i, j < I- It becomes a graded algebra with respect to the assignments 

(11) deg Qi = 4, deg P< = deg h = 2. 

Note that any element D of T> can be written uniquely as an M[ft]-linear combination of 
monomials of type Q 1 P J . 

A concrete realization of V can be obtained by putting Qi = e tl and Pj = h-^-, 1 < i < I. 
We will be interested in certain elements of T> which arise in connection with the Hamiltonian 
system of Toda lattice type corresponding to the coroots of G, namely the first quantum 
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integrals of motion of this system. Those are homogeneous elements = Dk({Qi}, {Pi}, h) 
of T>, 1 < k < I, which commute with 

i i 

i,j=l i=l 

and also satisfy the property that D k ({0}, {Aj}, 0), 1 < k < I, are just the fundamental 
homogeneous ^-invariant polynomials (for more details concerning the differential operators 
Di, . . . , Di we address the reader to [Ma3]). We will denote by X the left sided ideal of V 
generated by D\, . . . , D\. 

Let -k be a product on H*{G/B) ® M[{ft}] which satisfies the hypotheses of Theorem 
11.21 Let us denote by E the D-module (i.e. vector space with an action of the algebra V) 
H*{G/B) <g> R[{qi}, H] defined by 

d 

Qi.a = qia, Pi.a = a Si ~ka + Hqi—a, 

oqi 

1 < i < I, a G H*(G/B) ® IR[{ft},/i]. The isomorphism type of the D-module E corre- 
sponding to -k is uniquely determined by the hypotheses of Theorem ll.2[ as the following 
proposition shows: 

Proposition 2.1. If * is a product with the properties stated in Theorem \l. 6 A then the map 
<p:V^ H*(G/B) ® K[{ft}, h] given by 

f({Q t }, {P.}, h) A f({Q { }, {p,}, h).i = /({»}, K * +h qi —}, h).\ 

oqi 

is surjective and induces an isomorphism of T> -modules 
(12) V/T-E, 

where I is the left sided ideal of D generated by the quantum integrals of motion of the Toda 
lattice (see above). 

Proof. We will use the grading on H*{G/B) ® IR[{ft},ft] induced by the usual grading on 
H*(G/B), deggj = 4 and degft = 2. Combined with the grading defined by (JTTJ), this makes 
into a degree preserving map (more precisely, it maps a homogeneous element of P to a 
homogeneous element of the same degree in H*(G/B) (g) M^gj}, h}). 

Let us prove first the surjectivity stated in our theorem. It is sufficient to show that 
any homogeneous element a G H*{G/B) Cg> ft] can be written as f({Qi}, {Pi}, h).l. 

We proceed by induction on dega. If dega = 0, everything is clear. Now consider a G 
H*(G/B) (g) R[{ft},ft] a homogeneous element of degree at least 2. By a result of Siebert 
and Tian [Si-Ti], we can express 

a = g(Ui}, h) 

for a certain polynomial g. We have 

d 

a ~ g{{Qi}, {Pi}, n).l = a- g{{qi}, {cr Si -k +ftft — }, ftj.l = Kb, 
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where b G H*(G/ B) eg) ft] is homogeneous of degree deg a — 2 or it is zero. We use the 

induction hypothesis for b. 

We proved in [Ma3] (see the proof of Lemma 4.5) that the generators D k = D k {{Qi}, {Pi}, ft), 
1 < k < I, of the ideal I satisfy 

(13) D k ({Q i },{P i },h).l = 0. 
If we let ft approach in (j!3|) we obtain the relations 

(14) £fc({?i},K*},0) = 0, 

1 < k < I. They generate the whole ideal of relations in the ring (H*(G/B) ® R[{ (&}],-*-). 
We need to show that if D is an element of T> with the property that 

(15) D({Q i },{P i },h).l = 

then D G I. Because the map is degree preserving, we may assume that D is homogeneous 
and proceed by induction on degD. If degD = 0, i.e. D is constant, then (fTK|) implies D = 0, 
hence Del It now follows the induction step. From 

D.l = D({ qi }, {a Si * +Hq~}, h).l = 0, 

% 

for all ft, we deduce the relation D({qi}, {cr s .*},0) = in the ring (H*(G/B) <g> R[{gj}],*). 
Consequently we have the following polynomial identity 

£>({<&}, {A,}, 0) = J2 {^})^fc({?*}. 0), 

for certain polynomials //». By using the commutation relations pOjl . we obtain the following 
identity in X>: 

£>({Q»}, {P}, 0) = J] /*({&}, {Pi})£> fe ({Qi}, {Pi}, 0) mod ft 

it 

= Yl MQih {Pi})D k {{Qi}, {P,}, ft) mod ft. 

In other words, 

D({Qi}, {Pi}, h) = J2 MQ*}, {Pi})D k {{Qi}, {P^, ft) + hD'({Qi}, {Pi}, ft), 

k 

for a certain D' G P, with deg-D' < degD. From (fTlj) and (fT5j) we deduce that 

D'({Q l },{P l },h).l = 

Since deg-D' < degD, we only have to use the induction hypothesis for D' and get to the 
desired conclusion. 

□ 

Note that ()12j) is also an isomorphism of R ft]-modules. Since the actual quantum 
product o satisfies the hypotheses of Theorem II .2[ we deduce that the dimension of T>/X as 
an M[{<5i}, ft] -module equals \W\. Let us consider the "standard monomial basis" {[C w ] : 
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w £ W} of V/X over ]R[{Qi}, h] with respect to a choice of a Grobner basis of the ideal X (for 
more details, see Guest [Gu, section 1] and the references therein). Any C w is a monomial 
in Pi, . . . , Pi and the cosets of the monomials 

c w = C w (X 1 ,...,Xi), wEW 

in H*{G/B) = S(t*)/S{i*) w = R[{Xi}}/I w are a basis. We will need the following result 
(our proof relies on an idea of Amarzaya and Guest [Am-Gu]): 

Proposition 2.2. There exists a unique basis {[C w ] : w £ W} of V/X over R[{Qi}, h] with 
the following properties: 

(i) for all w £ W the element C w = C w ({Qi}, {Pi}, h) of T> is homogeneous of degree 
2degc<„ with respect to the grading defined by J22P 

(ii) for all w £ W we have 

Cw({0}, K) = c w mod I w ; 
in particular ^({O}, {Aj}, h)mod Iw is independent of h 

(hi) the elements (^uJu^evK °f^[Qii ■ ■ ■ 5 Qh ^] determined by 

P[C W ] = J2^1JC V ], 

are independent of h. 

Proof. In order to show that such a basis exists, we consider the isomorphism 

<P:V/X^ H*(G/B) ® R[{ gi }, h] 

induced by the actual quantum product o via Proposition 12.11 The basis {[c w ] : w £ W} of 
the right hand side induces the basis {[C w ] = _1 ([c^]) : w £ W} of V/X over h). It 

is obvious that the latter basis satisfies (i) and (iii). In order to show that it also satisfies 
(ii), we consider the following commutative diagram: 

V/X^H*(G/B)®R[{ qi },h] 

^1 \ / fh 

H*(G/B)®R[h] 

where ip 2 is the canonical projection and fa : V/X -> H*(G/B) ®R[h] = (R[{Xi})/Iw) <$R[ft) 
is given by 

[D({Qi}, {Pi}, h)} ^ [D({0}, {Xi}, h)]. 

Note that ipi is wei l defined, as for any k = 1,2, ... ,1, the polynomial _Dfc({0}, {Xi}, K) is 
independent of K, being equal to Uk, the fc-th fundamental ^-invariant polynomial (see [Ma 
2, section 3]). We observe that 

[O,({o}, {x^, h)\ = Mc w ] = fa[c w ] = K\, 

hence condition (ii) is satisfied. 
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In order to show that there exists at most one such basis, we will use a construction of 
Amarzaya and Guest [Am-Gu]. Let {[C w ] : w G W} be a basis of V/I with the properties 
(i), (ii) and (iii). We can write 

(16) C W =J2 UVW °v m od x 

with U vw G R[{Qi}, h}. Decompose the matrix U = (U vw ) %weW as 

u = u + hu 1 + ... + h k u k , 

where Uq, . . . , Uj- have entries in R[{Qj}]. Let us apply ipi to both sides of equation (fl"6|) and 
deduce that in H*(G/B) <g> R[H] = (R[{Xi}]/I w ) ® R[H] we have that 

[Cw] = f7™|(all Qi=0)[Cv), 

for all to G VK. This implies 

r rvw I _ c 

^ I (all Qi=0) — °vw, 

where 5 

vw is the Kroenecker delta. On the other hand, because any C w , C v , v, w G W, as 
well as any generator Di of X is homogeneous, we deduce that each U vw is homogeneous. 
We are led to the following property of the matrices Uf 

(a) besides the diagonal of Uq, which is /, the entries of Uq, U\, . . . , Uk are homogeneous 
polynomials with no degree zero term in Qi, . . . , Qi 

Let us choose an ordering of W which is increasing with respect to degc„,. In this way, the 
set {[c w ] : w G W} is a basis of H*{G/B) consisting of sq = 1 elements of degree 0, followed 
by si elements of degree 2, ... , followed by s m elements of degree 2m = dimG/_B. All 
matrices involved here appear as block matrices of the type A = (A a p)i< ai p< m . We will say 
that a block matrix A = {A a p)\< a ^< m is r-triangular if A a/3 = for all a, [3 with j3 — a < r. 
From the homogeneity of U vw mentioned above and the fact that deg Qi = . . . = deg Qi = 4, 
we deduce: 

(b) the block matrix Uq — I is 2-triangular 

(c) for any 1 < j < k, the block matrix Uj is (j + 2)-triangular. 

In particular we can assume that k = m — 2, hence 

(17) u = u + hu 1 + ... + h m - 2 u m ^ 2 , 

Consider the matrix Q l = {VL l vw ) v ^w determined by 

(18) P t [C w ] = J2^w[Cv]. 

vdW 

As before, each fl l vw is an element of M[Qi, . . . , Qi, h] which is homogeneous with respect to 
the grading given by (JTTJ). Also, if we apply ipi on both sides of the equation (JTSJ), we deduce 
that in H*(G/B) ® R[h] = (R[{Xi}]/I w ) ® R[h] we have 

[K][Cw] = 2j^LI(all Qi=0)[Cv\- 
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This shows that 

(19) ^im;l(au Qj=o) is independent of h, for all v , w e W, 1 < i < I 

From here on, it will be more convenient to work with the realization of T> given by Qi = e tl 
and Pi = h-^f, 1 < % < I. Then ft* become matrices whose coefficients are homogeneous 
polynomials in e* 1 , . . . , e tl , and H. Let us consider the 1-form 

i 

(20) n^^Qidti. 

i=l 

We decompose it as 

n = u + h9 ( - 1) + ... + me {p) . 

From the homogeneity of the entries of Qi, as well as from (|2Up we deduce that: 

(d) the block matrix u is (— l)-triangular 

(e) the block matrix 6^> is (j + l)-triangular, for any 1 < j < p. 
In particular we can assume that p — m — 1, hence 

(21) Q = u + h9 {1) + . . . + h m - 2 9 (m - 2) . 
Now consider the matrix fl l = (VL % vw ) VyW& w determined by 

Pi[c w ] = j2 n ™^- 

vew 

Note that if p G T> is a polynomial p(e* x , . . . ,e tl ), then we have 

d d d 

fiTrr -p = p- h— + h—(p). 

Oti Oti Oti 

By using this, we can easily deduce from (|TH|) that 

& = u^wu + nu- 1 ^-u. 

oti 

Thus the 1-form Q = Yl\=i &idU is given by 

d = u~ x mj + w- x du. 

Condition (iii) reads fl is independent of h. From (|T7jl and (J2T]) we can see that this is 
equivalent to 

u- x nu + nu^du = Uq x uU q 

and further to 

(22) nU + MU = UU^uoUq. 

We will prove the following claim 

Claim. For a given Q of the type ()21j) with the properties (d) and (e), the system f!22j) has 
at most one solution U of the type (fTTjl with t/j satisfying (a) and (b). 

It is obvious that the claim implies that there exists at most one basis {[C w ] : w G W} 
with the properties (i), (ii) and (iii), and the proof is complete. 
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In order to prove the claim, let us write 

u = (i + nv 1 + h 2 v 2 + ... + h m - 2 v m ^ 2 )v 

where V = U , V\ = UiUq 1 , . . . , V m -i = U m -^J^ X . Note that (a), (b) and (c) from above 
imply: 

(f) Vq is a block matrix whose diagonal is /, such that Vq — I is 2-triangular, and all 
entries of Vo which are not on the diagonal are polynomials with no degree zero term 
in e* 1 , . . . , e tl , 

(g) V^ -1 is an upper triangular matrix, its diagonal is J, and all entries of Vq 1 which are 
not on the diagonal are polynomials with no degree zero term in e* 1 , . . . , e tl , 

(h) for any 1 < j < in — 2, the block matrix Vj is (j + 2)-triangular and its entries are 
polynomials with no degree zero term in e* 1 , . . . , e tl . 

By identifying the coefficients of powers of h, the equation is equivalent to the system 
consisting of: 

(23) d(K,)\/ ( T 1 = -^ + [F 1 ,o;] 
and 

(24) dVi = -# (2) + + [V2M - VtiVuco] 

dV . = _ g® Vl _ . . . _ g<2)y. +1 + [y^D] + [V l+1 ,u] - V^cu] 

for i > 2. 

It is convenient to write a block matrix A = (A*/3)i<a,/3<m as 

A = A [ - m] + ... + A [ ' 1] + A [0] + A [1] + ... + A [m] 

where each block matrix A^ is j-diagonal (i.e. A^L = whenever j3 — a 7^ j). Then for any 
two block matrices A and B we have: 

(AB)® = ^ AWBV- k \ [A, B)W = Y)A lk \ 
k k 

By (b), (c), (d) and (e) we can write: 

Vo=I + V M +V W + ... + V W 

Vi =V^ +2] + V^ +3] + ... + V} m] (1 < i < m - 2) 

c^^W 01 W 1] + ... W m] 
g{i) =0 «),t*+i] + «.[<+2] + . . . + 0«),M (1 < j < m _ 1) 
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In this way, the system (J23j) is equivalent to: 

3<k<j-2 

4<fc<i+i 

2<k<j-3 3<l<k+l 

3<Jfc<j-i-l 
_ ^ ^(2),b--fc]y.W 
i+3<fe<j-3 

+ E [vt\o^- k] ] 

i+2<k<j~2 
i+3<fc<j'+l 

-EE ^"'[vJV^l, 

2<fc<j-i-2 3<Z<fc+l 

where i > 2. Define the total order on the matrices V i , j > z + 2 as follows: < V^jf 2 if 
and only if jx — ii < J2 — *2 or ji _ *"i = ji — ^2 and j\ < j 2 . We note that the system from 
above is of the form: 

dv}^ = expression involving V# ' > v}^ , 

for i > 1 and j > i + 2. Because all coefficients of the matrices v}^ are polynomials with no 
degree zero term in e* 1 , . . . , e tl , we deduce inductively — starting with Vj%^ 2 — that there 
exists at most one solution i > 1, j > i + 2, of the system. It remains to show that 
there exists at most one Vq which satisfies both the condition (f) and the equation (|23|) . If 
Vq is another solution, then a simple calculation shows that 

d(V ~X) = 0- 

By condition (f), the matrix Vq" 1 ^' has the diagonal I and any entry of it which is not on 
the diagonal is a polynomial with no degree zero term in e* 1 , . . . , e tl . So V^ _1 V^ = /, which 
means Vq = V '. 

□ 

Now we can prove our main result: 

Proof of Theorem li.iil Let * be a product with the properties stated in Theorem 11.21 
Consider the isomorphism of T>- modules 

(P-.V/I^ H*{G/B) ® R[{ qi }, h\ 
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given by Proposition 12.11 The basis {[c w ] : w G W} of the right hand side induces the basis 
{[C w ] = -1 ([<vl) : w £ W} of V/l over R[{Qj},/i]. It is obvious that the latter satisfies 
the hypotheses (i) and (iii) of Proposition 12.21 We show that it also satisfies (ii) by using 
the argument already employed in the first part of the proof of Proposition 12.21 Now from 
Proposition 12. 2\ we deduce that 

[C w ] = [C w ], 

for w G W, where the basis {[C w ] : w G W} is induced by the actual quantum product o. 
Now, since is an isomorphism of P-modules, <p([C w )) = [c w ] and 4>(Pi) = [Xi], we deduce 
that the matrix of [Aj]* with respect to the basis {[c w ] : w G W} is the same as the matrix 
of Pt with respect to the basis {[C w ] : w G W}. Consequently we have 

[Aj] *a= [A;] o a, 

for all a G H*(G/B) ® K.[gi, ...,<#]. Hence the products * and o are the same. □ 



3. Quantization map for Fl n 



In the case G = SL(n,C), the resulting flag manifold is Fl n , which is the space of all 
complete flags in C n . Borel's presentation (see eq. (JTJ)) in this case reads 

H*(Fl n ) — R[Ai, . . . , X n -i]/(I n )> 2 , 

where (/ n )>2 denotes the ideal generated by the nonconstant symmetric polynomials of degree 
at least 2 in the variables 

X\ := — Ai, %2 '■= Ai — A2, • • • , x n -\ := A n _2 — A n _i, x n := A n _i. 

Equivalent ly, we have 

H*(Fl n ) =R[x 1 ,...,x n }/I n 

where I n denotes the ideal generated by the nonconstant symmetric polynomials of degree 
at least 1 in the variables x\, . . . , x n . For any k G {0, 1, . . . , n} we consider the polynomials 
eg, . . . , e\ in the variables xi, . . . , Xk, which can be described by 



det 



/ xi 

2 2 



\ 





V 



... x k J 

For ii, . . . , i n _x G Z such that < ij < j, we define 



i=0 



e 1 e n_1 
c n • • • c i„_i- 



These are called the standard elementary monomials. It is known (see e.g. [Fo-Ge-Po, 
Proposition 3.4]) that the set {[e^...^^] : < ij < j} is a basis of H*(Fl n ). 
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We also consider the polynomials 4 e*, . . . , e| in the variables xi, . . . , x^, q±, . . . , qk-i, which 
are described by 

f xx qi ... \ 

-1 12 ?2 ••• 



det 



LV 



... -1 x fc _i g fc _i 
... -1 x k J 



i=0 



For ii, . . . , i n _i such that < ij < j, we define the quantum standard elementary monomials 



°ll...l„-l • • • ) Sn-l' 



By a theorem of Ciocan-Fontanine [Ci] (in fact Kim's theorem for G = SL(n, C), see section 
1), we have the following isomorphism of M[qi, . . . , q n -i] -algebras 



(25) (H*(Fl n ) 



1 ,...,q n ^ 1 ),o)~QH*(Fl r , 



Fi, 



■En i Q 1 > 



,ft_l]/(g?,...,^>, 



which is canonical, in the sense that [xj\ is mapped to [xj\ q . According to [Fo-Ge-Po], we 
will call this the quantization map. Since the conditions © and (JJJ) are satisfied, we deduce 
that {[e il ...j n _ 1 ] g : < ij < j} is a basis of QH*(Fl n ) over M[gi, . . . , q n -i\- We also point out 
the obvious fact that {[e^...^.^] : < ij < j} is a basis of H*(Fl n ) <g> E[g 1; . . . , g„_i] over 
. . . , g n -i]. The goal of this section is to give a different proof to the following theorem 
of Fomin, Gelfand, and Postnikov. 

Theorem 3.1. (see [Fo-Ge-Po, Theorem 1.1]). The quantization map described by equation 
H3J) sends [e^...^] to [e il „. in _ 1 ] g . 

The main instrument of our proof is the 22-module T>/X defined in section 2. In this case 
(i.e. G = SL(n,C)) we can describe it explicitly, as follows: T> is the (noncommutative) 
Heisenberg algebra defined at the beginning of section 2, where I — n— 1. The left ideal I 
of V is generated by , where 



det 



/ -Pi Qi o 
-1 P 1 -P 2 Q 2 



o \ 





LV 








— 1 Pn-2 — Pn-1 Qn-1 
"I Pn-1 



i=0 



In fact we will need more general elements of T>, namely, for each k G {1, ... ,n — 1}, we 
consider the elements £f of £>, with < % < k, given by 

f -Pi Qi ... \ 

-1 P 1 -P 2 Q 2 ... 



det 



V 



o 
o 



— 1 Pk-2 — Pk-1 Qk-1 

-1 Pk-i-P 



fc— i 



i=0 



^These are the polynomials E* of [Fo-Ge-Po]. 
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One can easily see that when we expand the determinant in the left hand side of the last 
equation, we will have no occurrence of PjQj or QjPj, 1 < j < k — 1. This means that the 
lack of commutativity of Qj and Pj creates no ambiguity in the definition of £™, . . . ,£%-i- 
We can also deduce that each of £\ , . . . , £% is a linear combination of monomials in the 
variables {Pi, . . . , P k , Qi, . . . , Qk-i}, with no ocurrence of PjQj or QjPj (i.e. the order of 
factors in each monomial is not important). As a consequence, the following recurrence 
formula [Fo-Ge-Po, equation (3.5)] still holds: 

(26) £\ = St 1 + X k Z\:l + Qk-x^tl 

where X k stands for Pj~-i — Pk and, by convention, £j = 0, unless < j < k. It is worth 
mentioning the following commutation relations, which will be used later: 



[**,£,■] = o, [Q k ,e]] = o, 



(27) 

whenever I < k — 1. We also note that £q = 1 and £\ 
equal to 0). We will prove the following result. 

Lemma 3.2. The elements £\, . . . ,S^-i °fD commute with each other. 



—Pk (where P n is by convention 



Proof. Consider the coordinates sq, . . . , Sk-i on M fc . Following [Kim- Joe], we consider the 



differential operators Dj(h~-^, , . . . , h~ 



ds k - 



-,e a 



o s k-l~ s k-2 



given by 



det 



-1 



n— *o 





3 S2— SI 








\ 



LV 



o 





•i h 



d 



ds k -2 
1 



o s k-l~ Sk-2 



h- 



+ nh 



J 



i=0 



By [Kim- Joe, Proposition 1], we have [Df,Dj] 



for all < i, j < k. In order to prove our 



lemma, it is sufficient to note that if we make the change of coordinates 

s l — s — t\, ■ ■ . , Sk-l — Sk-2 = tk-li ~ s k-l — tki 

we obtain 

k 9 D fc 9 U 9 K 9 U U fc 9 fc 9 

h 7T~ = ~ h 7^T = ~ Pl ' h 7T~ = h 7^ — 7u~ = p i~ p 2, • • • , h- = H— — 

OSq Oti OSi Oti Ot 2 OSk~l 



h 







Pi 



k-r 



where we have used the presentation of T> given by P, 

The following technical result will be needed later. 
Lemma 3.3. We have 
(28) 



h— o 



dt k 

e*% Ki<n-1. □ 



Pfe, 



k+1 pk] 
j+1 ' C i \ 



k+l pk] 
i+1 i C j J 



Proof. We prove this by induction on k > 0. For k — 0, the equation is obvious (by the 
convention made above, we have Sq =0). It follows the induction step. We use the recurrence 
formula ([26)1 . This gives 
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We continue by using again equation (J2fijl and obtain 



[Qk£j-i, £\ 1 + x k £^_l + <5fc-i£f_2 2 ] 
= [Qki X k ]£i_i£j_i + [Q k £ j-i, Qk-i^i-2] 
= [Qk, X k ]£^£j_^ + Q k [£j_l, Qk-1^-2] 
= [Q k , X k ]£^i£j^i + Qk[£j-i, £i — 1 - X k £\zl\ 
= [Q k ,X k ]£^Z{£^zl + Q k ([£jZi,£i) - [£^zl,X k £^]) 
= [Q k , X k \£\zl£)l\ + Q k [£jli, £\\ 
Here we have used the commutation relations ()27|) several times. Similarly, we obtain 

fo+i 1 ' £j \ = [Qk, X k ] £j— % £%— i + Qk[£iZ{, £j]- 

We use the induction hypothesis to finish the proof. □ 

Now we are ready to prove Theorem Kill 

Proof of Theorem \3.1\ Let u k denote the matrix of multiplication by [y k ] q with respect to 
the basis {[e^.. .i n -i]q '■ < ij < j} of QH*(Fl n ) (see equation (ffijjO . More precisely, the 
entries of Ui are polynomials in q\, . . . , q n -i, determined by 

(29) [VkUen...^ = £ ^"^"^h^-Ar 

Ji,...,i n _i 

According to Corollary II. 31 it is sufficient to show that 

d d 

(30) = m?" 

for 1 < i, j < n — 1, where as usually, we use the convention q { = e*\ For i±, . . . ,i n -\ such 
that < ij < j, we consider 

c <?1 c?2 en— 1 

^ii...j n _! •— <^i^i 2 ■ ■ - c i n _ Y - 

In order to prove equation ()30)1 . it is sufficient to prove the following claim. 
Claim. In T>jX we have 

(31) [PkWn..,^] = £ ^•• i - 1,Zl - in - 1 [^,.i„- 1 ] ) 

where each Q l ^- tn - 1 > l1 - l n-i j g obtained from u l ^- tn - 1 ' ll - ln - 1 D y the modification Qi \— > g;. 

Indeed, if we make the usual identifications = Qk = e tk , I < k < n — 1, then (pH]) 
implies that the connection 



d + \^kdt k 



k=l 

is flat (see e.g. [Gu, Proposition 1.1]) for all values of h, which implies (l3T)|) . The proof of the 
claim relies on a noncommutative version of the quantum straightening algorithm of Fomin, 
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Gelfand, and Postnikov [Fo-Ge-Po]. The key equation is the following. 

fon\ ckck+1 , ck ck , r~\ ck—lck ckck+1 < ck ck i f\ ck—lck 

(oZ) GiCj+Y + 6 j+1 6j -f UjkC'i-i £>j —OjC i+1 -f- C^j rl C i ~r tyk&j—l &i ■ 

We note that this is the same as equation (3.6) in [Fo-Ge-Po]. The difference is that here we 
work in the algebra T>, which is not commutative, so it is not a priori clear that ()32|) still 
holds. In order to prove it, we use equation (|2l)j) twice and obtain: 

- £} +1 )£* = (X k+1 £* + Q k £^l)St 

and 

If we subtract the second equation from the first one, we obtain: 

etss} - = £^£} - £* +1 £* + QkiBRS} - 

Now the left hand side can be written as 

ckck+1 ck ck+l i \ck+l cki \ck+l ck] ckck+1 ckck+1 

where we have used Lemma f3. 31 Equation (}3*2j) has been proved. Now we can use it exactly 
like in the commutative situation, described in [Fo-Ge-Po], in order to obtain the expansion 
of the product of P k = —£\ and £i x ...i n _ x = £\ . . ■£iZ 1 - More precisely, we begin with 

p C Cl ck— 1 p ck ck+l cn—1 cl ck—lckck ck+l cn—1 

^fc<-il...i n _l i\ ■ °i k -l k °h C ik+l ' ' - C in-i ~ °H ■ ■ ■ C i k -i C l C i k C ik+i ' ' 

and then we use ()32j) repeatedly. The resulting coefficients in the final expansion will be 
the same as in the commutative situation. This finishes the proof of the claim, and also of 
Theorem 13.11 □ 
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